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V—The Theory of Saturn’s Rings

By C. G. Penpsg, BA,,
Downing College, Cambridge

(Communicated by H. F. BAker, F.R.S. Received June 29, 1934)

INTRODUCTION

In his Adams Prize Essay for the year 1856 J. CLERK MAXWELL* took the
first step towards a comprehensive theory of the unique system of rings associated
with Saturn.

The main theme of MAXWELL’s work was to devise a model for the system of
rings which could move in a steady state of motion round Saturn and which could
be stable for small disturbances, provided the law of gravitation was applicable to
the Saturnian system. .

MaxweLL considered the case a single ring, concentric with Saturn. He
concluded that—

(1) the steady motion of a uniform rigid circular ring would be unstable ; and
that the steady motion of a non-uniform rigid circular ring could be stable
only if the density were very irregular,

(ii) the steady motion of a ring composed of discrete particles, of equal mass,
moving in a circle round the planet would be stable if a certain condition
were satisfied, and

(iii) the steady motion of a liquid ring would be unstable.

MAxweLL therefore concluded that the ring system was composed of discrete
particles, i.e., of meteorites. MAXWELL’s theory has received support from spectro-
scopic observations and is now generally accepted.

The divisions in the system of rings had to be accounted for. Suggestions had
been made that the satellites of Saturn were responsible for zones of instability
around the planet. On the basis of MAXWELL’s theory, GOLDSBROUGHT investigated

* ¢ Scientific Papers,” vol. I, pp. 288-376.
t ¢ Phil. Trans.,” A, vol. 222, p. 101 (1921); Proc. Roy. Soc.,” A, vol. 101, p. 280 (1922);
¢ Proc. Roy. Soc.,” A, vol. 106, p. 526 (1924), referred to as I, IT, and III respectively,
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146 C. G. PENDSE ON THE

the problem in two papers, the first being the fundamental paper. He assumed
that the system of rings did not affect the motions of the satellites relative
to the centre of the planet, so that the problem became an extension of the
““Restricted Problem of Three Bodies.” In the first paper he considered the
perturbations of a single ring of particles by a satellite moving relative to the planet
in a circle in the plane of the ring. In the second paper he investigated the
perturbations of a single ring of particles by a satellite moving relative to the planet
in a circular orhit slightly inclined to the plane of the ring. The effects of each
satellite were investigated independently of the possible effects of other satellites.
He attributed the divisions to several satellites specifically, and in many respects
the results of his theory compare very favourably with the observed data.

In the opinion of the writer the theory as hitherto accepted requires revision on
several grounds. In this paper the stability of the steady motion of a single ring
of Saturn and the perturbations of it by a satellite moving relative to the centre
of Saturn in a coplanar circle will be considered.*  The reasons why MAXWELL’S
investigation appears to the writer to be inconclusive are explained below in § 4.

The investigation is carried out according to the usual method of * first
approximations.” It is doubtful whether agreement on the vexed question of the
definitions of the terms “ stability” and  instability” has been reached.
Consequently, it is well to remember that the so-called method of first approxima-
tions may lead to erroneous conclusions ; a very interesting example in support
of the above statement has been furnished by CHERRY.T

The astronomical unit of mass is chosen. Saturn is assumed to be a homogeneous
sphere of mass M, and its centre is denoted by O. A ring is supposed to consist
of a set of discrete particles, each of which has the mass m, » in number.

The suffixes » and p are used to characterize the particles: A, p = 1,... ,n.
The summation sign % is used to denote summation over all the particles ; and

the summation sign X’ is used to denote summation over all the particles except
for p = . ’

I shall prove at this stage a lemma which will be used later.

Lemma—1Let o« be a variable assuming the values 1, ..., — 1 ; and let a function
y («) be defined for all the values of «. Further, let the function ¢ (— «) be defined

for all the values of «, and let ¢ (n — «) = ¢ (— «). Then

2mes (m—A) .
2y (p—n)e » , (where s=1,...,n), is independent of 2, and is equal
I

nt 2rise
to X ¢ (x)ern.

aml

* In a short paper (‘ Phil. Mag.,” vol. 16, p. 575 (1933)), the writer ventured to criticize the first
part of MAXWELL’s essay.

1 ¢ Trans. Camb. Phil. Soc.,” vol. 23, p. 199 (1925). Cf. WHITTAKER, ‘ Analytical Dynamics,’
3 ed. (1927), § 182, p. 412.
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THEORY OF SATURN’S RINGS 147

Let 1 < A < n (of course applicable when #n > 3). Then

2mis (u—A) A—1 2mis (u—2A) n 2mis (b—A)
Ehw—nNe » =X d(p—Ne » + T db(p—2)e -
" w=1 p=A+1
2misx 1 2misx 2 2mris (n—A)
=¢ (e +¢2)en +...4+d(n—2ne =
2mis (1—A) 2mris (2—A) 2mis (A—1—\)
+o (1 —=2e » F92—=2€ » +.Fd—1—2n)e =
2misX 1 2mis X 2 2mis (n—2A)

=¢(Mer +02)er +..t+dn—2n)e =

2mis (n—A-+1) 2mis (n—A+2) 2mis (n—1)

+dy(n—r—1)e = +¢{n—nr—2)e = + ..o Fd(n—1)e

2misa
n

n—1
T 4 ()e
a=1

Similarly for the extreme cases A = 1, A = n, we have respectively

1 2misa, 2mis (u—2A) 2misa

bE)er, and Xy (p—Ne r =T gen

2mis (w—A) n

E(p—ne » =

I ™M

1

o

Hence we have, for all values of A (=1, ..., n),

2mris (u—A) n—1 .Z"ﬂ' . . .
¢ (w—2nr)e » = X ¢ («) ¢ », which is independent of 2.
" a=l
Similarly,
__ 2mis (u—2) n—1 — 2mise e
'Y (p—2A)e v = X ¢ (a)e =, whichis independent of .
“~ a=1
Further,

S/ § (4 —2) = = ¢ («), which is independent of 1.

" a=1

PART I

THE STABILITY OF THE STEADY MOTION OF A SINGLE RinG

§1. The equations of the disturbed motion of a set of n (>1) discrete particles, each of
mass m, forming a ring round a central homogeneous spherical body of mass M.

Let Ox, Oy, Oz be “ fixed > axes through O, the centre of the spherical body.
The motion of the particles relative to O is considered. Let x,, 7, z, be the
Cartesian co-ordinates and 7,, 6,, z, the cylindrical co-ordinates of the particle
relative to the frame Oxpz : x, = r, cos 6,, y, = 7, sin 0,.

X 2


http://rsta.royalsocietypublishing.org/

o
) ©

a
/)

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

/4 V\ \\

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

148 C. G. PENDSE ON THE
Let*
M + m) o0 1
F, — L ) s [ , )
(x,\2 +,yA2 +Z,\2)% + " " {(x,\ - x/.c)z ‘I U& —)’M)z ‘f‘ (\Z,\ - /:’M)z}a

_ X 0+ zAz,L}
(xzu +))M2 + z/*?‘)g/z—
(M + m) + ='m [ 1 ;
(n®+ z22) . {n2 —2nr,cos (0, —0,) + .2+ (2. — 2.)2}
_nr.cos (0, —0,) -+ z,\z,{l
(2 + 22" '
For the purposes of mathematical investigation it is assumed that the central
body and the system of particles constitute an “ isolated system ** and that, relative
to Newtonian axes, the motion of each member of the whole system is described by
the law of gravitation. Then, according to the methods of dynamical astronomy,
the equations of motion of the particle  relative to O are—

o oF, .  0oF, 3 __oF,
A 3x,\’ A 5_)1,\ b I\—aZ)\,

or, in terms of the cylindrical polar co-ordinates,
1 0F, . _ 0F,

oF, o L o
0 0, == — = .
r}\ b 27«\ A + r/\ r/\ a 6/\ ) Z)\ az)\

7y — 10,2 =

It is now assumed that initially the system of particles is in a state of steady motion
relative to O. In the steady state the particles are assumed to form the vertices of
a regular polygon, inscribed in a circle centre O and radius «, rotating with uniform
angular velocity . This steady state is called the ““ datum > state or configuration
and the values belonging to that state will be distinguished by the suffix “ 0.”

The planes of reference are chosen in such a manner that the plane of the ring
in the datum state coincides with the xy plane. Then

(r)e=a, (0,), = ot + 2Ln7\ + ¢, (2,)0 = 0, ¢ being an arbitrary constant.

The datum state is dynamically possible without any appeal to approximations

provided o is appropriately chosent; that is to say, r, = a, 0, = ot + 2%7—\ + <,

* (Cf. F. TisseranD, ‘ Traité de mécanique céléste,” t. I, 1889, chapter iii, p. 75.

t In the opinion of the writer the exact dynamical possibility of the datum state is desirable for
the following reason. The present investigation, like other similar investigations, is only an approxi-
mation. Should the datum state not be actually possible, there will be errors present from the very
beginning ; and owing to the insolubility of the general problem it will not be possible to separate
the ¢ genuine *’ disturbance from the ““ inherent ” errors when all the quantities concerned are small.
It seems to the writer that the present datum state will not be possible unless the particles are all of
the same mass as the corresponding conditions are not satisfied. The desideratum restricts severely
the suitable models. Such a restriction reflects rather on our mathematical resources than on the
actual composition of the ring system. ‘
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THEORY OF SATURN’S RINGS 149
=0(rx=1,...,n) is an exact solution of the equations of motion. The
/ F 1oF,\ , /oF,
necessary and sufficient conditions are = — aw? (= ——> =0, Q =0
ar,\/o r, 09, /o 0z, /o

= — an?amounts

(n=1,...,n). Since o is independent of %, the condition <ng
0T\ /0

a;:*) should have the same value for all values of A and that this
A 0
value should be negative ; then »? would be determined in terms of M, m, a, and n.

It will be shown in § 2 that
1 oF,\ _ @_F_‘é>
&iaeA%“"0’<aa 0

Now let the system of particles be disturbed in the initial plane of the ring ; and
in the disturbed state, let

to requiring that <

B

=a (1l + 0, 0, = (60 —{——G,\-ml-{—gzl‘l‘ + 6, 22 = 0.

It is further assumed that the e,’s, the 6,’s and their derivatives are so small that
their products may be neglected in the subsequent work. Then the equations of
motion of the particle » are—

) . oF, 2%F, 2°F,
a{m—-&wx~(ﬁh__w*::<8n>{F§mg{E7%kﬁ‘ZMbean} ENCRY
- -~y (10F,\ | 0 (1 aF, o (10F,
a ("*J‘“zw"*)_(rj ae)ﬁ f‘lp“{ar,‘ (rA aex>}o+ Zo {ae (rA a0 )I - (12
§ 2. The equations of the disturbed motion of the particle
Fo o M+ m e, [ (2. — 2)
R e S ke e e L e

?&WW*_]
(2 + 2,2)*

therefore,
(7).~
92,
Since z, = 0 for all values of A in the disturbed motion, it would be more con-
venient to take

_(M+m) 1 __ncos (6, —6,)]
F, 7, + Z m [{rA — 2r, 7, cos (6, — 6,) 4 2} r,2 ]
oF, . M+4m r, — r,cos (6, — 6,) cos (6, — 0,)
ﬂrA 7,2 E " [{rA — 2,7, cos (6, — 6,) 4 7,2} + r,? ]

17 .
. E' r, . _—J 6 — 6)
A 39A [{n — 2r, 1, cos (6 —0,) + 2P 2 sin (6, A
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150 C. G. PENDSE ON THE
For p # A

821“"‘ = — M [———- Cos ( e/x)

WZ B {71\2 o 27} r, COs (6 - eM) _" 7M2}‘3/2

_3{r, —r,cos (6, — 0,)}{r, —r,cos (0, —6,)} 2cos (0, — GM)]

{r2 —2r,7,cos (0, —0,) 4 r2pr r3
2F, _ 2 (M + m) E m [ 1
or.2 3 {r2 —2r,r,cos (0, — 6,) + r2}*
. 3 {r, — r, cos (6 — 6,)
{r2 —2nr, Coq( 0.) + r2p"

—_ — rp.
36, or, " . [ {r2 —2r,r,cos (6, — 6, + r,2P"

3rr, {r,—r,cos (6, — 0,)} 1
2

{r* —2r7,cos (0, — 0,) + r2FP" T , J sin (8, = 8.) (o, — o))

For p # A

4 {1 aF}__m[ 1
5;’-‘ ;;\_3—6_; N {r2 —2r,r,cos (0, BIEENEEE

37, {r, —r,cos (0, — 0,)}
{rn2—2rnr, cos (0, ~—6M)—}—r2}'/2

0 laF,\ —_ . 37M{TA—7'ILCOS<6 —eu} } 1 —_
o, <_ _> - 'S,’:' m[ {r® —2r,r,cos (0, — 0,) + 2" 0 (9, = 6

-+ 2]%m(6 — 0,)

o (1 oF 7 1
— 2 = ! # —0.) —
E: { A} o ? m[{n 2—2r,r, cos (0,—0,)+r,2P"2 rf:l cos (6,—0,) (5. —a1)

3r,r,2
B Z m[{rA 2.--2r,7, COS ?6 \—0,) 7,252 sin® (‘h-%)] CREN

aF'\ —_— (M—I——m)_— rm 1 .
<_a7,\_>o—— a? ? ZZ'E [4 sin (M ~ 2 n/n 4+ cos (u 7\) 271‘/72:’
1 ' 1 ]
a? {M +am § sin (@ ~ A) =/n)

by using the relation
1+ X" cos (u — A)2r/n = 0.
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THEORY OF SATURN’S RINGS 151

1
sin (@ ~ A) n/n
and, therefore,

satisfies all the conditions imposed upon ¢ (w# — 1) in the Lemma,

L 1 =% 1
e oSin (p~A)m/n =t sin ™%
Therefore
o2 JES VO B
or, /o az "4 L Tt
sin —[
n

which has the same value for all values of 2, and

o =M4+2'y L (1.3)
4 .1 . T ’
sin —
n
Also
_1_6FA>Mm ,[ 1 . ] . _
530 @ | Esm e L (e ) 2/
1 1. : . e
But { Sor (o < W 1J¥ sin (p — ») 2r/n satisfies all the conditions imposed

upon ¢ (p — A) in the Lemma. Hence it follows that

2, {8 Sil’l3 ( 1 B l‘lrSin (“' B )\) 27:/71 - ”il j 1 - 1 Singfﬁ = U,
" o~ ) w/n j = LS e -
and
1 oF,\ _
(r: ’56;)0— 0
Again,

| a2FA> _2M4m  m [ 1 B 3 ]
Zﬂ <6rn ono T a? T ‘O‘AZM 8sin® (p ~ ) n/n 8sin (p ~ 1) n/n

m ¢, [cos (w— A)2xn/n 3 ]
NI —
| a? [8 sin® (. ~ X) n/n+8sin (.~ ) n/n 2 cos (k= 1) 2n/n e,
.1 ) ; ,
8sin® (u ~ A) n/n 8sin (p ~ ) n/n
in the Lemma and, therefore,

o 1 — 3 }——ng
» 18sin® (p~2)mn/n 8sin (n~ A) n/nf

satisfies the conditions imposed on ¢ (p — 2)

. UL . T
8 sin® — 8 sin -~
n n

- 3

a=1
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152 C. G. PENDSE ON THE

Hence,

- 1 3

. TTHL . 1o s
8sin® =~ 8 sin—
n n

F ok, 2 (M + m) m St
Z A £ = e— - o] E
N <\87’M 67‘,\,)0 Pn ? i

a=1

NI [cos (. — 2) 2rn/n 4 3sin® (p ~ A) n/n
a’ . 8sin? (u ~ 1) ©/n
+ 2cos (u — %) 2 Tt/ﬂ:’ ou
= MZ w? 4 Z%m— mn n;‘l ( 1 - 1 | ae,

—_ bid
a? 8a® .- . 3 OO . T
sin® ==  gin — |
il

m g, [ 14 sin® (w — 2 =/n | . ]
T [ Ssim (w ~ Wy 28 (e T A 2 e

using equation (1.3).

*F, o m o5 1 . N -
5;‘ <30M E?rk>0% Ty [16 SN ( ~ ) 7/n + 1] sin (. A) 2x/n (5, — o))
m <, 1 .
az . [16 Sin® (w ~ 2) =/n | 1i| sin (. ) 2rn/no,

m 1
— s,

2/
a "o, [16 sin® (uw ~ ) =n/n

+ 1] sin (u — ) 27/

1
[lGSiIﬁ (p~n)=n/n
¢ (o — 1) in the Lemma. Therefore,

+ 1] sin (p — A) 2n/n satisfies the conditions imposed upon

- 1
" LIG sind (p ~ ) w/n

- 1} sin (4 — %) 2r/n

5% 1 L1l B
= u2=,1 [1—__-—__6 S 1 J sin 2ra/n = 0.
Finally,
’\2F \ m - 1 . ) )

S o A A Y — A 2
p <80“a7’,\/>usﬂ 2 [16 S (5~ ) | IJ sin (i = 1) 2x/n,

(0 1 oFN] 3 mXsin(p— ) 2r/n

137’* <\7}\ 80,\/{0 16 a® “ sind® (p ~ 2) n/n

sin (p — ) 2r/n

— satisfies the conditions imposed upon
sin® (u ~ 1) w/n

=0 as

¢ (¢ — A) in the Lemma.
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THEORY OF SATURN’S RINGS 153
%, “ o {% (:—A ggi&, - Zzn% 2,; [2 165 (p,1~ %) ~:/nJ sin (u — 1) 2n/n e,
ze. o 7 7wl
T o T TR ET R T

(6, - 02)

m |1 —+— cos? (p ~ 7\) ‘n;/n N
e o -+ cos (p —- 1) 2=
a? [ 8sin® (. ~ 2) n/n cos (u -~ ) 2r/n

m "G 1 4- cos? ma/n
=25 ® ! 2~ - cos 2ma/n
a? " .-1|8sin® (p ~ A) w/n

m s [1 -+ cos? (p ~ A) /0
a® . L 8sind (p. ~ 1) n/n

4+ cos (. — ) 27':/71] G

1 4+ cos? (@ ~ A) =/n
8 sin® (u~ ) n/n
¢ (¢ — 1) in the Lemma.
Finally, equations (1-1) and (1-2) for the disturbed motion of the particle
assume the form—

as

+-cos (. — 1) 2=/n satisfies the conditions imposed on

.. . 9/ n—1 -
o) — 200, = | Bw? 4+ I 81”_3 5 | 1 e,
¢ @ e (sinzt—oi -+ sin? TE?.C)
— n n’ -
1 4sinz =M= )
—i——"éE’ L + 2cos (u — A) 2r/n |,
@l g B~MT
n .|
Y 1 1 [sin (o — 2) 2n/no, (A R)
@ |16 sin® {p~2)=
ju— n —

ot 205, = T3l - (1 sin (4 — %) 2n/no,
@ o 16sinp "= 2 T DE:
_ n
.11 1+ cos? e 1 4 cos? (p~N) =
m n 2ma m <, n
+ _:'; G/\ 2 —————— | COS —— —— —-é Z

@ et g ™ " @ » 8 sin® (b~Nm

- n n

s

4+ cos (p. — A) 2n/n |o (B. %)

VOL. CGCXXXIV —A Y
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154 o C. G. PENDSE ON THE

We have 7 interdependent pairs of linear differential equations of the second order
for the ¢,’s and the 5,’s. The task of integrating the z pairs (A.2) and (B.1), as they
stand, is hopeless. Hence it is necessary to derive n independent pairs of linear
differential equations of the second order from the n interdependent pairs of linear
differential equations of the second order (A.1) and (B.») by changing the dependent
variables p,’s and ¢,’s. The transformed equations can be integrated completely,
at least theoretically.

Such a transformation is possible. In § 3 new dependent variables £, and /;
(s =1, ..., n), defined as linear functions of the p,’s and ¢,’s respectively are intro-
duced. The £;’s and the /’s have no physical significance as they will be complex,
whereas the original dependent variables, the p,’s and the 5,’s are real. The
o.’s and the 5,’s will be called * primary > dependent variables and the £’s and
the /s will be called ““ secondary  dependent variables.

§ 8. “ Primary > and *“ secondary > dependent variables

Let » and s be variable suffixes ranging from 1 to n. Let

n  2riAs

pa=2¢€r" k (3-1/n,
s=1
n 2mids

oy,=2xer L, . ... ... ... (327
s=1

where 7 = /— 1.

Multiplying both sides of (4-1/2) by ¢ » and summing for » from 1 to n, we
have

2midr

n _2niAr n n 2mA(s—7)
% pre "= Xe " s
A=1 A=1s=1
n n o 2w (s —7)
¥ [kJ{Ze__n J
s=1 A=1 ,{
by rearrangement.
Ifs # 7,
2mi (s—7) "
n 2niA (s—7) 211i(s—~r)1 . e—n""
e n ==g n ——
—1 Ty (5 —7)
* 1 —¢ =
=0 for 0 < |s —r| < nwhenr # s.
Ifs =,
n 2miA (s—7)
e »n = n.
A=1
Therefore,
Z e e * =nk,
A=1
or
" _ ZmiAr
kv - - \o)\e "
Ra=1

The same reasoning applies to the set (3-2/2).
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The transformation is, therefore, regular and its inverse is

1 n _2mis

k: ::.';Z\E‘ X4 T, c e e e e e e (3'3{/5‘)
|y

a=LE e (34
N a=1

It will be convenient to evaluate some quantities before we turn our attention to
the n pairs of equations (A.2) and (B.2).

Provided p. # » each of the functions
1+ sin? (w~2) n/n
. 8sin® (. ~ ) w/n
i 1
| 16 sin3 (n ~ ) =/n
o |

16 sin® (g ~ ) ©/n

+ 2 cos (. — 1) 271::/72—} ,

4 1] sin (4 — ) 2n/n,

} sin (b — 1) 2/,
and .
1+ cos? (p~2)n/n
~ 8sind (p ~ 1) n/n

+ cos (p. — A) Zﬁ/n]

satisfy the conditions imposed upon ¢ (1 — 1) in the Lemma. Therefore we have
the following relations :—

1 -4 sin? (p ~ ) =/n J i)
z - L/ 9 — 92 :
" [ 8sin® (u ~ A) n/n + 2 cos (i ) 2r/n | e

n—1 2misa

= X [M + 2 cos ch/n] e

o=t 8 sin? wa/n

n—1 [~ : Y
— 3 [H“Sl__ffﬂ./_” + 2 cos Qnu/n] cos 27::“

1 8sind® ma/n

o

‘ i”“l 1 -+ sin? mo/n + 2 cos 27toc/n] sin 2mso
+ S et sit
=1 | 8sin® wa/n "
"SH 1+ sin? e /n Qs
= 3 [i——-—z— -+ 2 cos 2ra/n | cos ——
o=1 | 8 sin® na/n _ n

and consequently

o [1 4 sin® (p ~ %) m/n _ ) 2m/n
% [ 8 sind (p ~ ) n/n + 2 cos (p— 1) 2TC/”i cos (p. ) 2/

n—1 1. a1
5 [1 b sin? 7o /n

~+- 2 cos 27roc/n1 cos 2reso/n.

o=t L 8sin® wa/n
Similarly,
3 i 1 v 1 2 ) i2ﬂis(u.-—,\)
N7 i | . L e !
n LlG sind (w~ ) n/n ]sm (& ) 27/

n—1 -
= 417 X [——l———— - I]Sin 2mo sin 2rsa /n,

=1 16 sin® wa/n

v2
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and
, 1 , _
p [16 S (p~ W w/n 1] sin (p — 1) 2n/nsin (g — 3) 2rs/n

n—1
= X [————1——— -+ 1] sin 2ra /7 sin 2rsa/n
a=1

16 sin® wa /7

sl 2 1 )
2 16 sins (L~ 2 =

— 7 —

n—1 | —
:i:i:izl>2——————l Jsmz—nﬁsmg—n—m,
1 n

2 ([.L A)s

sin (u — 2) 2r/n e*—7—

“ 16 sin3 ™% n
n
and
N/ B 1 7 . . oy .
22— sin (w — ) 2r/nsin (p — &) 2rs/n
z 16 sipy (L~ M) ™
- n _
=yle o L sin 2ra sin 2msn ;
ot 16 sin3 =% n n
1 -} cos? (b~ m
X L + 2 cos (p — 1) 2m/m | eV
C | e AL
n
n—1 ) 2 -
= X [W -+ 2 cos Zna/nJ cos 2msa/n,
a=1 S kit -
and

|14 cos? (g~ ) n/n . .
% L 8 st (o~ 7) n/ﬁ + 2 cos (. — 1) Zrc/n_ cos (p ~ 1) 2rs/n

= [M + 2 cos 2ra/ n] cos 2mso/n.
1 -

8 sin3 na /1

n=

13 ] ~ 7 1 + sin? (‘L ~ 7\) n/n ] }
7 " ; — ) 2=
nAmle {M 7 8 sin® (P-"" 7\) Tc/n +2COS (pt ) r'/n O

le 1 - sin? (;J,Nk)n/n 9 J _2_1::_A_r}

- %,\El {% - 8 sin3 (y. ~ 7\) 7-5/'” + 2 cos <H‘ ) TC/?’l Pul

i 1 S ’ 1 + Sin2 (H ~ 7\) 7'C/7’l o 2 ] _2”:#‘ 27‘"(1\ N ﬂ{
- n:‘;j‘l {% [ 8 S (i ~ %) =/n + 2 cos (u ) 2r/n | p.e ¢ |

27 (u—A)

roowEe ] 4 sin? (o~ A) m/n ] ____:}
) : — ) 2 n
31 P { [ 8sin® (n ~ A) ©/n + 2 cos (u ) 71:/72_ ¢

1
n

\ i
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by rearrangement

1 & i (ecl ] osin? ma/n ] s
— 23 n )y | SR meyn
1o T { et [ 8 sin® na/n 2 cos Zm/n, oS
— 2 -]
= k, { b [M L 2 cos Qm/nJ cos 2"5‘*} .
w=1 L 8 sin® wo/n ‘ n

Similarly,

_2miAs

12 1
- X n X
na {M [16 sin® (u ~ 1) ©/n

— z{nZl [—————-——— 1 -+ IJ sin &;ﬁ sin 27;;“} L,

«=1[ 16 sin® wa/n

o )
+ l}sm (b — M) 2xn/no,
- )

1 n 2rrzA.\' , 1 1
5318 {Z [2 1651n3(u~m-/nlsmw—7\)2?/729“])

a1 | 1
( {2 — ——;aJ sin &rz sin @' k,,
1 16 sin3 n n J

| a
n

ii[\"i

and

3

1 n B 2'7:1\; . + COS (p' ~ )\\ Tt/n 1 !
- .
S X {M [ T e + cos (p — 1) 27r/n~ cﬂf

= {E‘.l [M -+ cos 27:0«/71} cos gl;-;—“} {.

1L 8sin® mo/n

2miAs

Multiplying both sides of equation (A.r) by }ieA"_and summing for 2 from

1 to n, we have, by using equations (3-3/s) and (3-4/s),

k- 20l =|802 4 Zm_mr 1 1
4 B2 omt 1 ind T sin 7% i
3 )
m 1 n _ iZmiAs _’_ Sln (M ~ 7\) TC/n - N
— X n —
+ iy T { L 8w (5. <) /1 + 2cos (@ — 2) 27:/71“ pM}
—l—ﬁl g} e'_zw%f{Z'[ 1 —I—l:lsin (p — 2) Zn/nc}
@ n a— w L16sin3 (p ~ A) =/n "
e E SRR i SRR WY )
8a® -1 . 4 e O
sin® —  sin —
) s
17[ 1 _1 —’_ Sin2 T;lﬁ )
+ 5 k X + 2 cos 2 ma/n | cos 2msa/n -

[~ 8 sin® ¥
n _
—-—1— - IJ s1n2—75—s1n g-m—a’ L,

16 sin® =% n
_ n }

+l—(n 1

a=1

(

using the results proved above.
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2mwiAs

Multiplying both sides of equation (B.A) by 7—1 ¢ » and summing for A from 1

to n, we have, by using equations (3-3/s) and (3-4/s),

- . m n _ 2miAs , - l - . \[
- Z n — - )\
[, 4 20k, s ¢ {% [-2 16 sin® (1 ~ 2) 717/72»] sin (p ) 2m/n PAJK
- 1 4 cos? %‘x 9
—[ = o
et e
oom 1y cEM LT 4 cos? (p~A)m/n 9 ] ]
R {E [ Sst (o <) /n oS (kM) 2n/n oy
= im Tnill —2 — 1 —-! sin 2ma sin 27:50,1 k
a 1“=I 16 sin®* = | " .o
. n ! J
m , "' [1 + cos? mo/n &'ﬁ}
T a3 L .EI [ 8 sin® no/n - cos n

RS

[ [1 -+ cos? wa/n | @—J Dresoc |
l‘]z 8 sin3 wa/n - cos n‘COS n )’

ta=1{_

using the results stated above.

Let
_2m  om ., 1 1 ]
N_Zg~—%§ Isin® (@ ~ %) n/n ' sin (@ ~ ) T:/nf
2m  m ! 1 1)
= _ 2y
@ 8 .- '(sin3 ™= i sin == K
S n
5 M 1 1
I‘_ag'z,i {85in3 (n~ ) n/n+8sin (.~ A) m/n
4 2cos (0 — 1) 271:/72} cos (u — A) 2rs/n
" El (1 e 1 -+ 2 cos 2ma/n| cos 2mso/n,
@ st “‘8 sin =% 8 sin =
( n n
m 1 . .
==X’ — )2 — ) 2
Q‘—a3§ {165in3(p,~l)n/n+1} sin (@ ) 2n/n sin (p ) 2ms/n
= 7-7-1' ) ( 1 + 11 sin 2ma/n sin 2rso/n,
@ e *-(16 sin® = )
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m g, fo 1 } o . .
R, = 7 %‘. 12 16 5 (0 < 7] =/n sin (@ — A) 2rn/nsin (u — A) 2rs/n
= 7% ) (2 — ——1—} sin 2ra/n sin 2rsa/n,
Tt 16 I
( 7
_ 2m ., {14 cos® (p~ ) =n/n o PR
T, =238 R+ cos (v — 1) 2, n} sin® (1 — 1) s/
( 1+ cos? ¥
> n +cos2—:a~ sin? =%

al( 851n3Ttoc )

P, Q, R, and T, depend on s only. The equations satisfied by £, and / assume
the form

k,— 20l = [802 + N+ Plk +iQL, . . . ... (A
L+ 20k —iRA+TJL . . .. ... .. .... (B

Thus we obtain 7 independent pairs of linear differential equations (A’.s) and
(B’.s) where s = 1, ..., n, for the secondary dependent variables.

§ 4. Comparison with Maxwell’s Method

It will be convenient, at this stage, to compare MAXwEeLL’s method* of
investigating the stability of the steady motion of a ring of particles of the same
mass with that adopted in this paper.

MaxwELL assumed tacitly that the centre of Saturn could be taken as a Newtonian
base, i.e., as a ‘‘ fixed ” point, when the planet and the ring are assumed to form
an ““isolated > system with the law of gravitation as the law of force between any
two members of the composite system. Now in Newtonian mechanics the centre
of mass of a collection of particles forming an “ isolated * system can be regarded
as a Newtonian base, i.e., a * fixed ”” point, for the motion of the system and not
any one of the particles. The very significance of the term

m ms Tl cos(ﬂ 0,) + 2.2,
(r,\z -+ z,\z) " ( + Zﬂz)

in the general form of the force-function F,, defined in §1 of this paper, is that
though the centre of the planet cannot be regarded as a Newtonian base for the
general problem of the 7 particles of the ring and the planet, represented for
mathematical purposes by a particle of mass M placed at O, with the law of gravitation

* Loc. cit., Part 11, §§ 1-7,
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as the law of force, it has been rendered a base of reference for the motion of the
particles of the ring by adding the above-mentioned term to

oM ! |
(r2 + z,2)* w {n2—2rr,cos (6, — 0,) + 72+ (2. — z.)3"

This would have been the appropriate force-function for the motion of the particle
A relative to O, if O had been a Newtonian base for the motion of the particles of
the ring with the law of gravitation as the law of force.

There is an interesting sequel to this statement. It is shown in§ 8 of this paper
that the steady motion is unconditionally unstable when n = 2, .., if two particles
of the same mass, at the opposite ends of a diameter, revolve with uniform angular
velocity about O, the steady motion is unstable when the particles are disturbed in
the plane of the circle. According to MaXwELL’s method the steady motion could
be stable provided the mass of the particles were sufficiently small. It is easy to
see that the instability is solely due to the terms in the force-function F, which
were ignored by MAXWELL.

Another point is also worth noticing. If we were to follow MAXWELL’s method
we should have had to write

P,\ - EAT s

r cos Ql)rt ~'~ 2;[}2)‘[ + Yr) > O = EB’ G <Jbrt —'L %ng__” ‘1\" Y"‘)a

; , 7 sin\;

“where p,, A,, B,, and v, are constants. Then following MaxweLL* p, would have
to satisfy an equation similar to, but not identical with, the * stability >’ equation
(C.s), arrived at in § 6 of this paper. If we assume that the number of terms
in the summation is finite, we prescribe arbitrarily the form of the solutions of the
differential equations. On the other hand, if, following MaxXweLL, we regard
the above formule as ‘“ FOURIER expansions’ for p, and s, with 2ed x as the

n

argument, we must take cognizance of the fact that ¢, and o, are defined only for

a discrete set of values of x, viz., for gltnl (r=1,..,n).

The writer has verified that by employing formule (3-1/1) and (3-2/%) and by
using solutions of the equations (A’.s) and (B’.s) one can obtain formule for ¢,
and o, which are real functions of ¢ containing 4n real arbitrary constants as required
by the theory of differential equations. The formula thus obtained are practically
of the form stated above.

The model of a ring adopted in §1 of this paper is precisely the same as that of
MaxweLr. It was the inapplicability of the GorLpsBrouGH hypothesis, discussed
in §13, which forms Part II of this paper, which led the writer to the transformation
formula introduced in § 3.

* Loc. cit., Part 11, § 6, equation (22) for ““ n.”
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§ 5. The case s = n: jformule for k, and I,
The equations (A’.s) and (B'.s) become, when s = #,
k, — Zwin = 3wk,
I, 4+ 20k, = 0.

The solutions of these equations are

Ly T

(O] a,, bna Cus dn being
L ) arbitrary constants.
l,=c¢,— 3dt—+ 2 (ae" — be ™)

The secular term does not denote instability, for the coefficient of /, is the same
in all the equations of transformation.

§ 6. ““ Stability >’ Equations

The equations (A".n) and (B’.n) were the simplest of the set (A’) and (B’).
Considering a general pair (A’.s) and (B’.s) we assume, according to the usual
method, &k, = a¢?s', [, = be?'. Then we have,

a,[(8w2 4+ N + P) + p2] = — b, [20p, + Q]
b, [T, + p?] = ia,[20p, — R,].

Eliminating ¢, and &,,

(b2 +T) [p2 + (B0* + N+ P)] = (20p, + Q) (2ap, — R).

i.e.,

pt+ (— o+ N+ P+ T)p*+ 20 (R, — Q) p,
4 {T,(30® +N+P) - QR}=0. . . . ... (C.s)

We obtain 7 equations, of which (C.s) is a typical member. The condition for
stability is that the roots of every one of the set (C.s) be real.

§ 7. Maxwell’s Method*

In §§ 7-10 the nature of the roots of the equations (C.s) is investigated. In §7
MaxweLrL’s method is described. In § 8 it is shown that the equation (C.1) has
two imaginary roots when n = 2; i.e., the steady motion is unstable when n = 2.
It also appears that the equation (C.1) would have two complex roots when

* Loc. cit., Part I1, § 7.

VOL. CCXXXIV—A VA


http://rsta.royalsocietypublishing.org/

L

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

%

A B

yA \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

162 C. G. PENDSE ON THE

n=3,4,5,6 (§10). Ing§9 itis shown that the roots of the equation (C.s), where
1 <s<n—1andzn> 2, will be real when M is sufficiently large.

It is convenient to represent MAXwWELL’S method graphically.

Putting

Uzp+ (—0*+N+P+T)p*+ 20 (R,— Q) p +{T, (30> + N+ P)) + Q R}

the graph of U against p is plotted. Then, following MaxwegLL, provided M
and «? are large and T, > 0, the graph is represented by fig. 1.

U

\\//\\// 3

Fic. 1

MaxweLL concluded that the roots of every equation of the type (C.s) were real
provided M and «? were sufficiently large.

For a thorough theoretical consideration of the equations (C.s) it is necessary to
know the exact values of the basic quantities

the quantities P,, etc., can, in the general case, be evolved from them, The
basic quantities
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can only be evaluated if the value of
ot amw
IT tan <9 + ———>
a=1 2”

is known in terms of 0 and n. Unfortunately, it has not been possible to evaluate
the product ; consequently a full examination of the equations is not possible.

§ 8. Casen =2

The case s = n has been considered before, and we shall consider the case
n=2s5=1.

0?a® =M + }m,
_m
N_4:a3’

~— B (B = 2 BM 4 ),
— 0t + N4 P+ Ty =— 2 (M jm) + } 2 =— L (M — ),
therefore, the equation (C.1) becomes
o 1 M_3 2 __ 1M L7\ — ()
pé = L (M — g 2 — 12 (BM + 47m) = .

The independent term is negative for all positive values of M and m, which, of
course, they have.

Therefore, p,* will have one negative value and the equation (C.1) will have
two imaginary roots which are

= A/ LM ) — T T T 7w (M T )

Hence, according to our method of reckoning, the steady motion will be unstable.
The investigation has been carried to quantities of the second order, and the
instability has been confirmed.

z2
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§9. Thecasen™> 2 ands # 1 or (n — 1) or n
Fors # 1, n — 1 we have

n—1
z 2cos@c052—n{°—°= — 2,

a=1 n n

=l Qe . 2msa
2 sin =" sin =0,
n n

a==1
and

n=l Qo . . TTSX

¥ cos —sin?2 — = (.

a=1 n n

Then we should have
N+ P — - mnil{ 1 + 1 }Sinzg;%o_c

T A3
o . TTOL .
46* o= sin® =—  sin —
n

2na 2rsa

sin == sin
Q . m nil n n
* 1663 a1 sin® ™%
n
. 2ma . 2msa
_, |sin ==sin =—
R — m "Z n n
s T 6 3
ad o .
1 ! sin® —
i1
1 + cos2 =
m "5 N . o TS
T.=-— X sin
4a3 a=1 Sin3 TC_OE
n

T, > 0 for all values of s other than 1 or (z — 1) or n.
Since T, > 0 when s # 1, n — 1, n, MaxweLL’s method and the graphical repre-
sentation will apply to all the equations (C.s) except for s = 1, n — 1, n.

§ 10. The casen > 2,5 =1

We have, carrying out all the summations,

’ — ‘ n—1
N—}—Pl:gl’n—;}cotz—;——%Z 1 —J

= . T
*=lgin ==
n

n—1 T
T1='2"m—3 S ——-<n+—§—cot%>
| “='gin %
m B 1 n=1 1 _|_ 1 T ]
Qi=5=| % n — % cot 5
1 3| 2 — 7 2 2n
2a w1 n_:
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R, = [n-{—icot——iz 1 :l

-] T
“=sin —
n

T
Sln —
n

Rl—Q1_2£[:n—l—cot——— —-—El 1 :l

~m2+N+P1+’P1=—‘%-3<M+—%mcot%2——%mn>

3m2+N+P1=13L3M+%m”§1 +mn—~;§mcot£:l

=1 T 2n
*=sin —
n

T, B2 +N+P,) +Q,R; =3 ("’2 - aM3> <o)2 + %)

M | o2 T M_< — ¢ 1)]__l_”_zf‘ I
~5m [o) <2cot2n 372)—}-613 6n 3 cot 5 : s ncotzn.

The graph in fig. 1 will be applicable to the equation (C.1) for large values of
M, only if T, > 0. IfT; < 0, the graph will be represented by fig. 2.
No convenient formula for T, in terms of z is known.

U

D |

F1e. 2
If we put

foy=7%

a=1

L, ) =f() — (2 beot T,

sin —
n
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we can write
T, = 2 ¢ (n).
17 9g3 ()

We obtain the following table of values :—

n S ¢ (n)

3 2-308 — 1-858
4 3-828 — 1-3791
5 5-5055 — 1-0333
6 7-308 — 0-558
7 9-2098 0-0197
9 13-2995 1-4160
12 . 4-138

T, <0 for n =3, 4, 5, 6. It appears that after » > 6, T, would be positive.
Hence the graphs for n = 3, 4, 5, 6 for the equations (C.1) and (C. n — 1) will be
of the type represented by fig. 2 for large values of M. Each of the two equations
(C.1) and (C.n — 1) will have two complex roots and the motion will not be stable.

We cannot make any definite remarks about the roots when n > 7. It is likely
that they would be real.

§11. MAXWELL’s limit for stability ( for large values of n)—MAXWELL assumed that
there was one equation among his equations, similar to the “stability ” equations
(C.s), of this paper (§6), the reality of the roots of which ensured the reality of
the roots of the other equations. He found the criterion which would have to be
satisfied in order that the roots of this fundamental ““ stability ” equation be real.
This criterion is investigated here.

According to the method followed in this paper, MAXwWELL’S method can be
applied only when 7 is even.

Let us suppose that n is even. Then (C-n) is the equation which was regarded
as fundamental by MaxwerL. We proceed to find the condition that the roots
of this equation be all real. The criterion will have an asymptotic nature.

Q,., =0, R, =0, and we shall have a quadratic equation for p,*. Put
n = 2v where v is a positive integer.

We shall suppose that n is large and will, therefore, find the asymptotic values
of the quantities P,, T,, and N.

Since s = in = v is different from 1 or (» — 1), we have

m 'S 1 ‘ 1 in2 1
N—f—-Pv:—-——éz + sSin® zaw,
403 o=1 | . g . AT
sin® —  sin —
n n
oaT
1 |1 cos? —
m S n
T, =-— X sin? lam
4a3 a=1 $n3
sin® —
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Remembering that n = 2v, we have

cos? 2=
2y—1 -
m .
N—I—P,,=——-——32 2 + n sin? o,
4q a=1 . TO s g AT
sin — sin® —
n n
and
T
m 2p—1 1 20082 e
n .
T, = — X sin? lax.
v 4613 a=1 + 2

. TOL . g T
s — sin® —
n n

So we have to evaluate the quantities

oaT .
2 2 1
9,1 COS8* — SIN® a7
and X
. AT - . g OLTC
sin — a=1 sind ——
n n

2”{:1 sin? Zam

a=1

We shall use RieMANN’s definition of an integral as the limit of a sum. The
values thus obtained will be rough estimates.

=-lgin? daw 1 1 1
- + e
e=l n %;—c sin % " sin %t sin _(_2_\,—_5_\'_1)_7;
= 1 4+ Y 5 1 m : ’ -
sin E__l> ™| sin j_1>v s@v
v o 2v S 3 & =
+ 1 T
sin <E _ = > v
v 2y
~ 1 LY dx
sing ™) sin (v )
2v o 7
= + 2 log cot? I
sin & T 4y
2v
= Si: = -+ g log cot %2 , using the relation 7 = 2v
n

~nh  n 2n

T
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By exactly similar reasoning

y AT , T N
4,1 COSZ — cos 2——— cos x —_ ——~
5 ot osin? lan ~

2
=1 . oT
7 sind = sm3 sm3 X — 5

cos —
— log cot

2

™
sin2=
n

n? 2n
=5 g ().

Therefore, we have the asymptotic formule

-
L L T P N ¢ § 8 )
p) .o T b1 T
.oy sin —
n
2V_lcosz_?'l— . 1 3723 1 2n
> sngom_"_’—g—-———g—log-— e e (112)
3 T b1
a=1 _+ g AT
sSin

for large values of n.
Hence, if we decide to retain only terms of the order of #?, we shall have

=]

N+ P, ~ g?l.......”. (11.3)

ui

T~g§ﬁ Y ¢ § I

for large values of 7.
The equation (C.v) then becomes

3 3
ﬁg”l<M_%£§>ﬁr+%%me~%% JE=0. ... (1)

ad
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The roots of the equation (11.5) must be real. The conditions are

M > ¢ Bom,

M > ¢ Lo

and
M= Eme>omM—3 Em 2

since both the values of p,? as given by (11.5) must be positive.
The last condition becomes

M — 3mMZ 4 o, B s 9% M — 8 e
e MmN 3 T ex M ry s
1.e.,
6
n n
M2 33~3mM—{—%£n—-m2>0,
le.,
39 _“na 39 81 n 2 81
{M 8 3 oM V() — T M- —3"’+ m\/( ) — 34 >0

either M > 38-47 M2 o M < 0-53 e
473 473
Hence the conditions which have to be satisfied in order that the equation (11.5)
may have real roots are

)
TC3

<ii>M>%”—’m—‘°',

w3

(iii) either M > 38-47 me3 or M < 0-53 22”3 .

(i) is incompatible with the condition M < 0-53 2% 4 T

Hence the condition that has to be satisfied in order that the equation (11.5)

may have real roots is
473

. :
M>38474 , L.e., mn <38-47M’
or ”
M > 0-3102 mn3, i.e., mn® < 3-223M. . . . . . . (11.6)
The original MAXWELL criterion* is
M > 0-4352 mn?, i.e., mn® < 2:298 M. . . . . . . (11.7)

* Loc. cit., Part II, § 8, pp. 318-319.

VOL. CCXXXIV—A 2 A
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§12. The connection between the motion of the centre of mass of the system of particles and
the secondary dependent variables.

Let (£, m, 0) be the co-ordinates of G, the centre of mass of the system, relative
to the frame Oxyz. Let R = mn be the total mass of the system of particles.

Let y = ot + ¢, so that for the particle » we have 0, = y + -2—7-7;-7: -6, in the
disturbed motion. By well-known formule we have
RS (1+9A)C08<x—}—2ﬂ:—)\+6,\> N U3 )
N a=1 n
a & . 2
S— (1+9A)sm(x+_+m>. S (129
na=1 \ n

By the principles of mechanics we have, for the motion of G,

(M +R) & (12.3)
=TT 2 (1 + p.)2
2
- (MR (ot 52t a) (12.4)
= atn A=1 (1 + 0.)?

So far the equations are exact. Retaining now terms of the first order we obtain
the following approximate results :—

L[kt ke ) f i (e — L] L L ... (125)
0= b a6 4 Le ™) —i (b é® — ke )] . .. .. (12:6)
. 2(M4+R), S3MAR)i, . .,
f=2ZMER)y SMARG o ey L (127)
g 2R, S AR g o pge). L (128)

Hence we see that £ and » are connected explicitly with £, £,_,, /;, and /,_,
only.

PART II
PERTURBATIONS DUE TO A SATELLITE

§13. The equations of the perturbed motion of the system of particles moving in the datum
state of § 2 about O due to a satellite moving relative to O in a circle in the plane of the ring.

It is assumed that the effect of the system of particles on the motion of the satellite

relative to O can be ignored.

Let
m’ = mass of the satellite.

a’ = the radius of the circle in which the satellite moves about O.
o’ = angular velocity of the satellite in its orbit,
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and let (v, 0, 0) be the cylindrical polar co-ordinates of the satellite relative to the
frame Ouwyz.

Then ' = a’, 0" = 't + ¢, where ¢ is an arbitrary constant.

The problem is clearly two-dimensional.

In the datum state (r), = a, (0,), = ot -+ ¢ -+ —2_%)-‘ where ¢ is an arbitrary
constant.
In the perturbed state, let

n=ua(l+op,), 0, = ot 4=+ 2l)‘- -+ 5,, where the p,’s, the ,’s, and their

derivatives are assumed to be so small that their products may be neglected.
As in § 2 we take

0, — 0,)
Fm(M—I-m) 2 [ 1 __rycos (6, “J
7\ + Z'm {r2 — 2nr,cos (6, — 6,) 4 2} re
and
Q, = ud __m'r,cos (0" —0,)
A {rlz _'_ 7:\2 _ 27/7,'\ cos (9' — e,\)}% o
= m’ __m'ncos (6" — 0,
{a’* — 2a'r, cos (6" — 6,) + 2} P .
Let
a:g;_ and ?SA:(("),'—"@)t—!—s,——s.__zﬂ;
¢ n
we assume that
1 1
— @ 208 26, + ..
(1 —2acos ¢, + «2)t % bo + by cos ¢, + by cos 24, + ,

the &’s being functions of «.

It is also assumed that the series for (1 — 2« cos ¢, + «2)~* can be differentiated
term by term with respect to « and ¢,. « is positive and less than one.*

The equations of the perturbed motion of the particle a are, as in §1,

a{PA*zf-OG,\— w2, — wz}:<6]—;\>0+za <37’ ];7'/0 < e
20, 220, 020,
+(a7’)\) + " a > < ” >

"
7 "

PR

e s ) B,

* The symbol ““o ** used here should not be confused with the variable suffix *“ « > ranging from
lton—1.

2 A2
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o2F, > ( 02F >
e () 4 5o (25
e 0r, 07, /o L " on \00,07,/0

[ o /1 0F, o /1 oF,
E
"187 \/rA 00 >fo+ EE {86 (r,\ 06\,\)}0

can be taken over from §2.  We have to find the values of the other quantities on
the right-hand sides of the above equations.

As far as the r,’s and the 0.’s are concerned, Q, is a function of , and 6, alone.
Therefore

The values of

and

02Q, : 020, ) 020 02Q
» J A > { A — A ,\( A>
R P Y PR bl Ml < 72 >0 ol 552
and
K 1 2 /100 120, [ /100,
van iz gl 2o ()= e (o (R e o e
A F AT P 20, \r, 50, 137\ 7. 90, ) 91 39, <r )
0 — m’ _m'r,cos (00— 0,)
* {a’2 — 24’ 1, cos (0" — 0,) + 2} a'’?
i 1 —71 %r,\ cos (6" — 0,).
1‘1 A, cos (67 — 0,) 4oLt @

a’?)
Carrying out all the differentiations we obtain*

(agﬁ n px(a Q) +c(a~ae%>

0 ’
=7 _8; (3bo + by cos ¢, + ... 4 b,cos g, + ...) — %COS b,

—l—Zz— Aot - {3bo + by cos ¢, + ... + b, cos gb, + ...} ap,

+ _m_;{_; (by sin ¢, + ... + ¢b,sin g¢, + ...) — sin ‘f’.\}"”&
and '
120, 2 /1 20, 2 /100,

(Z aeA)o e {'87 <fr1 W>} e {ae (A 20, >}
_n _my
= (coo + gb,sin g, + ...) 7 Sin b,
+ ’,’;a = (bysin by 4 ... + gb,sin g, + ...)

_ 5’% (by sin ¢, 4 ... & b, sin gy - )] a6,

m m’
+ | — Z‘—l—, ( + 92[74 cos ggﬁ)\ + ) + a2 cos (ﬁ’\} O

* The work is not reproduced in detail for it is to be found in GorpssroucH I, pp. 103-106 ;
here the notation is slightly different from that of GoLDSBROUGH.
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Inserting the above values in the equations of the perturbed motion of the par-
ticle 2, and remembering that { 8F> — aw?, <l -@5 = 0, and dividing both
L o7, o 7\ 00,/o
sides by a, we obtain the equations of the perturbed motion of the particle 2 in the
following form :—

) 1 ) 1 1J
~Zos= B0 G S e Y )

+

+Sln2 (‘LNA) T"/?’l . _
[SSIH"(uN)\)n/n + 2 cos (u A) 2 /n»]w

_l_
1

- gs %°|§

1 .
[16 Sin® (o ~ 1) =/n + 1] sin (uw — A) 2n/no,

s

— (3bo + b, cos ¢, + ... + b, cos g, + ...) — cos ¢,\}

aa Laa

+
I

L U + by cos b+ .+ bycos gy + ) o

B

+— {a—i (bysin ¢, + ... + ¢b, sip qé, + ...) — sin ¢A} s, . (E)

" A P 1 . .
6A+2®PA—Z3E[ 16 sin® (LL'\‘)\) n/n]sul (“‘ 7‘) 27‘/”9/&

o

_ 1 4 cos® (w~ 1) w/ W %/l (e — s
a—3§: l: 85i(1:1?3 (P»‘: A) 7'¢/nn+coS (b —2)2 /nJ(M )

m' [1 . 1 .
+ | a (ee. + qb,sin gé, + ...) — = sin qb{l
+ -1 ‘1 2 (b sim g+ . +qb sin g, + ...)
— E (by sin ¢, + ... + ¢b,sin q¢, + )} P
+ %—, :clz_ coS ¢, — % (... + ¢?b,cos q¢, + ):' e (G.2)

The equations (E.1) and (G.») describe the perturbed motion of the typical
particle A.

Ifm" = 0, the equations (E.2) and (G.2) reduce to equations (A.2) and (B.) of § 2.

As in § 2 we have 7 interdependent pairs of linear differential equations of the
second order (E.2) and (G.2) similar to the » pairs (A.2) and (B.A). There are,
however, two important differences between the two sets of n pairs : —

(1) There are no independent terms in the equations (A.2) and (B.2).

(2) The coefficients of ¢, and o, in (E.2) and (G.2) are not constants, but known

functions of .
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It was possible to derive z» independent pairs (A’.s) and (B’.s) of linear differential
equations for the *secondary” variables by employing the transformation intro-
duced in §3. It is easy to see, from § 3, that we shall not be able to derive
n independent pairs of differential equations from the 2 interdependent pairs of
differential equations (E.2) and (G.1) by employing the transformation contained
in § 3 solely on account of the ¢, which occurs in terms factored by m’ in the equations
(E.2) and (G.2).

The writer does not know how one can derive n independent pairs of linear
differential equations of the second order from the n interdependent pairs (E.2)
and (G.n). Consequently, it is not possible to solve the n pairs (E.A) and (G.2),
even theoretically, at least at present.

GorpsBrOUGH’s* method of solving the equations (E.r) and (G.2) will now be
described and it will be shown that his method is not valid.

GovrpssrouGH (I, p. 106) introduced the hypothesis that p,,, = Bp,, and also,
tacitly, 6,,, = Bo,.

Then according to GOLDSBROUGH,

— — n P — n
Pr = Putr = B> 6y = G,y = B0,

‘ 2rs . . 2ns
B":lorﬁxcos—g——{—zsm—n-, )

Therefore,

where

e

i=+—1lands=0,1,...0— 1 (ors=1,...,n).

Considering some fixed value of s,

Pat1 = € " Pa>s Orp1 == € " Gy
or
218 (A—u) s 2mi (A—p) §
p«\ - Pue " b G)\ = G/Le " b)
i.e.,
p/\ — pM —_ G:‘\ —_ G,u. —
Taas . 2mas X-V (SaY)’ - Onirs | 21ias YJ (SaY>'
e n e n e n e

Thus there are two fundamental quantities which, for the sake of convenience,

have been called X, Y,, corresponding to every value of s. Owing to the relations
2miAs 2miAs

on=Xen, 06, =Yer (s=0,1,...,n—1 orl,...,n), each pair X, Y,
has to satisfy n pairs of differential equations when these formule for ¢, and o,
are used in the equations (E.n) and G.r). However, each particle has its
2 (7\ —

n

characteristic ¢ : ¢, — ¢, = ) and ¢, does play an important part

* Hitherto, in this section, the notation is substantially the same as GoLbsBroucH I (pp. 103-106).
ap, has been used instead of GoLDSBROUGH’S p,. (GOLDSBROUGH started with p, and virtually
changed it later to ap, (I, p. 107).
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in the equations (E.2) and (G.r). Consequently, corresponding to any value of s
the hypothesis p,.; = B ¢, 6,41 = P o, introduces two new dependent variables
X, Y, (say) wh'ch have to satisfy n pairs of linear differential equations in which
the coefficients of X, and Y, vary from pair to pair. The simplifying hypothesis
leads, therefore, to an impasse. It is to be noticed that such a situation will not
arise in equations (A.x) and (B.r) to which the equations (E.x) and (G.3)

reduce if we put m' = 0. If we put g, = X, ez_ﬁf, o, = Y, e'zlnlf (s=1,...,n)
in the equations (A.r) and (B.:r) the z pairs of equations satisfied by X, and Y,
for any fixed value of s all reduce to a single pair of equations, for X, and Y,, which
is identical with the pair (A’.s) and (B’.s). It may be remarked, therefore, that
GoLDSBROUGH’s hypothesis is embodied in the transformation formule (3.1/2)
and (3-2/2), the X’s corresponding to the £’s and the Y,’s corresponding to the

Ps(s=1,...,n).%*
After using this anomalous hypothesis, .., after putting o, =e¢ » o,

2mi (u—A) §
and ¢, =¢ - o, in the equations (E.2) and (G.1), and dropping the suffix

A in ¢,, one reaches equations corresponding to equations (3) of GOLDSBROUGH
(I, p. 107). GovrpsBROUGH based his investigation, of the perturbations on a ring of
equal masses, on these equations, which do not exist. He obtained their solutions
in § 3 of his first paper. A division corresponded to large values of “¢ ” and “o
caused by the vanishing of denominators in the formule for “p > and “o ” thus
obtained. '

After examining, in the manner explained above, the effects due to a number of
satellites, one at a time, GoOLDSBROUGH attributed certain divisions to certain
satellites.

I wish to thank Professor H. F. BAKER, Professor G. R. GoLpsBROUGH, and
Dr. W. M. SmART for their great interest in my work.

SUMMARY

In Part I (§§1-12) the stability of the steady motion of a collection of n particles
of equal mass about the centre of a homogeneous sphere is discussed on the assump-
tion that the collection of particles and the sphere form an ‘isolated >’ system and
that the motion of every member of the whole system relative to Newtonian axes
is described by the law of gravitation. In the steady state the particles are assumed
to form the vertices of a regular polygon of n sides, inscribed in a circle centre O
and radius @, rotating with uniform angular velocity . The steady state is
dynamically possible without any approximations provided «is suitably chosen.

* The foregoing observations on the hypothesis pii; = Bp. and i, = for were communicated
to Professor G. R. GoLpseroucH. In a letter to the writer, dated June 8, 1933, Professor GoLps.
BROUGH acknowledged that the simplifying hypothesis did not serve its purpose.
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The system of particles is then assumed to undergo a slight disturbance in the initial
plane of the system ; the equations (A.xr) and (B.2) describe the disturbed motion
of the typical particle 1 as far as quantities of the first order of smallness are con-
cerned. For the whole collection of particles we obtain n interdependent pairs
of linear differential equations with constant coefficients for the 2rn dependent
variables p,’s and 5,’s. “ Secondary ’ dependent variables £, and [, (s =1,..., n)
are introduced in § 3 and it is shown that the ‘secondary ” dependent variables
satisfy n independent pairs (A’.s) and (B'.s) of linear differential equations of the
second order with constant coefficients.

n * stability >’ equations (C.s) are obtained in § 6, and the condition for stability
is that all these equations have real roots.

The steady motion is unstable when n = 2, the particles being diametrically
opposite, and the instability is independent of @ (§ 8).

The steady motion is also unstable when n = 3, 4, 5, 6 (§ 10).

It is not possible to make general statements about stability as the exact values of
some quantities are unknown (§§ 7 and 10).

Hence we conclude that there is a lower limit to the value of 7 in order that the
steady motion be stable.

MaxweLL’s limit for stability is investigated in § 11 ; the difference between the
limit obtained in this paper and the limit obtained by MAXWELL is quite appreciable.

The whole problem of the divisions in the system of rings and the possible role
played by the satellites of Saturn in their formation remain (Part II).
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